Using the Weierstrass semigroup of a pair of distinct points of a Hermitian curve over a finite field, we construct sequences with improved high nonlinear complexity. In particular we improve the bound obtained in [15, Theorem 3] considerably and the bound in [15, Theorem 4] for some parameters.
Introduction
Goppa introduced a very general and useful method for constructing linear codes with very good designed parameters [7, 8] . These linear codes are called Goppa codes or algebraic geometry codes. The method uses a divisor G which corresponds to a generator matrix of the linear codes in the end. One of the main tools used in the designed parameters of the linear code is the RiemannRoch theorem applied on G. Later Garcia, Kim and Lax [5] improved the bound on the designed minimum distance of the linear code if the support of G consists of one point P using the Weierstrass semigroup of P . Similarly Matthews [9] improved the bound on the minimum distance of the linear code if the support of G consists of two distinct points P 1 and P 2 using the Weierstrass semigorup of the pair (P 1 , P 2 ). Nowadays there are a lot of works devoted to further results on Weierstrass semigroups at several points on curves and their applications to coding theory (see, for example, [1] , [2] , [3] , [18] ).
In fact the ideas of Goopa are very general. There has been many approaches using similar methods in various problems in coding theory and cryptography (see, for example, [13] , [14] and the references therein). In many of these applications Hermitian curves over finite fields are used because of their excellent arithmetic and geometric properties.
Sequences over finite fields from the complexity-theoretic standpoint have many applications in cryptography and pseudorandom number generation. We refer to [4, 10, 11, 16] for some classical results and a recent survey. There are many results on linear complexity of sequences over finite fields. Recently there have been interesting results in the nonlinear complexity of sequences (see, for example, [12, 15] ). They use the notion of k−th order nonlinear complexity as defined below.
Let F q and F q 2 denote the finite fields with q and q 2 elements.
. . , s n ) be a sequence of length n ≥ 1 over the finite field F q and let k ∈ N. If s i = 0 for all 1 ≤ i ≤ n, then we define the k−th order nonlinear complexity N k (s) to be 0. Otherwise let N k (s) be the smallest m ∈ N for which there exists a polynomial f ∈ F q [x 1 , . . . , x m ] of degree at most k in each variable such that
In [15] , among other results, they give a construction of sequences with high nonlinear complexity using a Hermitian curve. As we use the Hermitian curve over F q 2 , it suits better to consider sequences over F q 2 (cf. Definition 1.1) in this paper. In [15] they construct a long sequence of length (q − 1)(q 2 − 1) over F q 2 with high nonlinear complexity. Their main tools are an explicit automorphism of the Hermitian curve and the Riemann-Roch theorem. The main ideas are again similar to Goppa's ideas in general.
In this paper we improve their results using the structure of Weierstrass pairs of distinct points of a Hermitian curve. In particular our main results improve the bounds in [15, Theorem 3] for all parameters considerably. Moreover we also improve bounds in [15, Theorem 4] for some parameters. This is very analogous to the situation of improving the designed parameters of the linear codes using Weierstrass semigroups in Goppa construction.
We use the language of algebraic function fields, which is essentially equivalent to the language of algebraic curves, and we refer to [17] for the notation and background. For the sake of simplicity we use the term rational place instead of place of degree one from now on throughout the paper.
Let H denote the Hermitian function field
Recall that F q 2 is the full constant field of H. Moreover H has q 3 + 1 distinct rational places and its genus is q(q − 1) 2 . The rest of this paper is organized as follows. We give the construction and state our main results in Section 2. We prove our results in Section 3. We compare our new bounds and the bounds of [15] in Section 4.
Construction and the Main Result
Let θ ∈ F q 2 be a generator of the multiplicative group of F q 2 . Let φ : H → H be the automorphism of H fixing F q 2 defined as
Note that φ (q 2 −1) = ι, where ι is the identity automorphism of H. Let P ∞ be the rational place of H corresponding to the common pole of x and y. It is clear that φ fixes P ∞ . The action of φ on the rational places of H is wellknown [6] . In particular, there exist distinct rational places Q, P 1 , P 2 , . . . , P q−1 different from P ∞ such that their orbits under φ are distinct and having length equal to q 2 − 1. The following is a partial list of distinct orbits of the rational places of H under φ:
. . .
The union of these orbits form 1 + q(q 2 − 1) = q 3 − q + 1 distinct rational places. We do not use the remaining of q rational places in this paper. We fix the notation of these rational places throughout the paper.
The following proposition is crucial for our construction. We need to use certain facts from the theory of Weierstrass pairs of rational places of the Hermitian function field H in its proof. We give a proof in Section 3 below. Proposition 2.1. Under notation and assumptions as above there exists h ∈ H such that its pole divisor satisfies
We also fix h and use it in our construction below. Remark 2.2. The main difference of our construction with the corresponding construction of [15] is as follows. Using only the Riemann-Roch Theorem in [15] , they obtain existence of f ∈ H such that its pole divisor satisfies
where g is the genus q(q − 1) 2 of H. It turns out that using h as in Proposition 2.1 instead of f gives a construction with much higher nonlinear complexity lower bound. Note that existence of h as in Proposition 2.1 does not follow from the Riemann-Roch theorem directly and it requires more knowledge of subtle geometric structures of the Hermitian function field H. We are ready to present our construction. Construction 1. Under notation and construction as above let M = (q − 1)(q 2 − 1) and s = (s 1 , . . . , s M ) be a sequence of length M with terms in F q 2 defined as
The following is our first result.
Theorem 2.4. Under notation and assumptions as above, let 1 ≤ n ≤ M = (q−1)(q 2 −1) be an integer and consider the initial sequence s n = (s 1 , s 2 , . . . , s n ) of the sequence s constructed in Construction 1 above. For any integer 1 ≤ k ≤ q 2 − 1, we have
for the k−th order nonlinear complexity.
Remark 2.5. Theorem 2.4 gives a much improved lower bound on N (k) (s n ) compared to the lower bound of [15, Theorem 3] for all parameters. Recall that in [15] they construct a sequence t using Hermitian function field of length M = (q − 1)(q 2 − 1) with terms in F q 2 . For their initial sequence t n with 1 ≤ n ≤ M, the lower bound of [15, Theorem 3] is
We compare (2) and (3) using some figures in Section 4 below.
The following is a direct corollary of Theorem 2.4 using the fact that N (k) (s n ) is an integer. Corollary 2.6. Under the notation and assumptions as in Theorem 2.4, for any integer 1 ≤ k ≤ q 2 − 1 we have
Remark 2.7. Similarly the lower bound of [15, Theorem 3] has a direct improvement. Namely under notation and assumptions as in Remark 2 we have
For comparison of (4) and (5) we also refer to Section 4 below.
The nonlinear complexity notion of Definition 1.1 is the main nonlinear complexity notion used, for example, in [15] and [12] . Moreover in [15] they also use a modified notion for nonlinear complexity, denoted as L k (s) instead of N k (s) (see [15, Remark 3] ). The difference is that the condition "of degree at most k in each variable" in N k (s) is replaced with the condition "of total degree at most k" in L k (s). For the sake of clarity we formally give its definition here.
Definition 2.8. Let s = (s 1 , s 2 , . . . , s n ) be a sequence of length n ≥ 1 over the finite field F q and let k ∈ N. If s i = 0 for all 1 ≤ i ≤ n, then we define the k−th order nonlinear complexity L k (s) to be 0. Otherwise let L k (s) be the smallest m ∈ N for which there exists a polynomial f ∈ F q [x 1 , . . . , x m ] of total degree at most k such that
Note that our construction gives sequences over F q 2 and hence our statements in our results are over F q 2 , although we formally present Definition 1.1 and Definition 2.8 over F q .
The following is our second result.
Theorem 2.9. Under notation and assumptions as above, let 1 ≤ n ≤ M = (q−1)(q 2 −1) be an integer and consider the initial sequence s n = (s 1 , s 2 , . . . , s n ) of the sequence s constructed in Construction 1 above. For any integer
Remark 2.10. It is trivial that L k (s) ≥ N k (s) for all k. We remark that Theorem 2.9 gives a better bound than using the bound of Theorem 2.4 and the fact 
For example if k is near to q 2 − 1 (see Remark 2.11 above), then the bound of [15, Theorem 4] stated in (7) is negative and hence trivial. However our bound in Theorem 2.9 is always positive. We also compare (6) and (7) using some figures in Section 4 below.
Similarly to the situation above, the following is a direct corollary of Theorem 2.9 using the fact that L (k) (s n ) is an integer.
Corollary 2.13. Under the notation and assumptions as in Theorem 2.9, for any integer
Remark 2.14. Again, the lower bound of [15, Theorem 3] has a direct improvement. Namely under notation and assumptions as in Remark 2.12 we have
For comparison of (8) and (9) we also refer to Section 4 below.
Proofs
In this section we present proofs of our results.
Proof of Proposition 2.1
Let P be a rational place of H. Let W (P ) denote its Weierstrass semigroup, which is defined as W (P ) = {α ∈ N 0 : there exists f ∈ H with (f ) ∞ = αP }.
The gap sequence G(P ) of P is defined as
It is well-known that G(P ) (and hence W (P )) is the same for all rational places P of the Hermitian function field H (see, for example, [5] ). Namely Let Q 1 and Q 2 be two distinct rational places of H. Similarly the Weierstrass semigroup W (Q 1 , Q 2 ) of the pair (Q 1 , Q 2 ) is defined as
It is important to note that W (Q 1 , Q 2 ) is also the same for all pairs (Q 1 , Q 2 ) of distinct rational places Q 1 , Q 2 of the Hermitian function field ( [9] ). Let α 1 be a gap number at Q 1 . Let β α1 be the nonnegative number defined as
Note that β α1 is independent from the choice of distinct rational places Q 1 , Q 2 as we use the Hermitian function field. It follows from [9, Theorem 3.4] that
Putting Q 1 = P ∞ , Q 2 = Q and t = j = (q − 1) we obtain that
This means that there exists h ∈ H such that
This completes the proof.
Proof of Theorem 2.4
If n < (q 2 −1), then the lower bound in Theorem 2.4 is trivial. Hence we assume that n ≥ (q 2 − 1) without loss of generality. Assume there exists f (x 1 , . . . , x m ) ∈ F q 2 [x 1 , . . . , x m ] such that the degree of f with respect to x i is at most k for each 1 ≤ i ≤ m, and also that (s 2 , s 3 , . . . , s m+1 ) , . . .
where n ≥ m + 1 is an integer to be decided. Let 1 ≤ n 1 ≤ n 2 ≤ M be integers and consider the initial sequences s n1 and s n2 of the sequence s constructed in Construction 1. If N (k) (s n2 ) = m, then there exists f (x 1 , . . . , x m ) ∈ F q 2 [x 1 , . . . , x m ] satisfying (11) with n = n 2 and hence also with n = n 1 ≤ n 2 automatically. This shows that
Therefore it is enough to prove the theorem for n = r(q 2 −1) with 1 ≤ r ≤ (q−1). From now on we assume that n = r(q 2 − 1) with 1 ≤ r ≤ (q − 1). Let w ∈ H be the function
By definition of s in Construction 1, we have
Note that for any integer i ≥ 0 and any rational place P of H, it holds that
Therefore we get
By definition of w in (12), this is equivalent to
Using also
we obtain that
For 1 ≤ i ≤ r and m + 1 ≤ j ≤ q 2 − 1, similarly using
altogether we obtain that
In particular for the zero divisor (w) 0 of w we have
and hence deg(w) 0 ≥ r(q 2 − 1 − m).
Recall that f (
For the pole divisor of φ −m (h), recall that we have
For the pole divisor of w, these arguments imply that
In particular we have
Using the fact that deg(w) 0 = deg(w) ∞ and combining (13), (14) we obtain that r(q
Proof of Theorem 2.9
We use the same approach as in the proof of Theorem 2.4 but here we assume that f (x 1 , x 2 , . . . , x m ) is a polynomial in F q 2 [x 1 , x 2 , . . . , x m ] of total degree at most k. Then the part of the proof after display (13) changes as follows:
. . , x m ] be a term having a nonzero coefficient in f (x 1 , x 2 , . . . , x m ) . We have i 1 + i 2 + · · · + i m ≤ k and the pole divisor of (h,
Hence for the pole divisor of w we obtain
We again have the same lower bound on deg(w) ∞ = deg(w) 0 given in (13) . We complete the proof as in the proof of Theorem 2.4.
Comparison of the Bounds
In this section we compare Construction 1 in this paper with the construction corresponding to Theorem 3 and Theorem 4 in [15] . For an integer 1 ≤ r ≤ (q − 1), Construction 1 gives a sequence s of length (q − 1)(q 2 − 1) with terms in F q 2 such that if n q 2 − 1 = r, then for the initial sequence s n we have (see
r + 2k(q − 1) .
Similarly the construction corresponding to Theorem 3 in [15] gives a sequence t of length (q − 1)(q 2 − 1) with terms in F q 2 such that if n q 2 − 1 = r, then for the initial sequence s n we have
In Figure 1 we compare B 1 (r) in (15) and B 2 (r) in (16) for k = 5. Moreover r runs through 1 ≤ r ≤ q − 1 with q = 32 in this figure. It is clear that Construction 1 gives large improvements in nonlinear complexity bounds compared to [15, Theorem 3] . Note that B 1 (r) is also much larger than B 2 (r) Figure 1: as observed in Figure 1 . Hence Corollary 2.6 is also much better than the direct improvement of [15, Theorem 3] given in Remark 2.7 above.
Similarly by Theorem 2.9 we have L k (s n ) ≥ C 1 (r) = r(q 2 − 1) − (k + 1)(q − 1)
and Theorem 4 in [15] gives
In Figure 2 we compare C 1 (r) in (17) and C 2 (r) in (18) for k = 20. Again r runs through 1 ≤ r ≤ q − 1 with q = 32 in this figure. It is clear that Construction 1 gives improvements in nonlinear complexity bounds compared to [15, Theorem 4] for relatively large k or small n. Note that, again for relative large k or small n, C 1 (r) gives the same improvements compared to C 2 (r) as observed in Figure 2 . Hence Corollary 2.13 is also an improvement of [15, Theorem 4] given in Remark 2.14 above.
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